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Abstract

A short introduction to the analytical and algebraic aspects of integrable systems is given. We
consider the Riemannian geometry of the isospectral set belonging to the Dirichlet problem —y” +
g(x)y = Ay, y(0) = y(1) = 0, where ¢ is a square integrable function of the real Hilbert space
L%«([O, 1]). We derive the metric and the connection for the isospectral set, which is an infinite
dimensional real analytic submanifold of L%([O, 11}, in the case of large eigenvalues. The curvature
in the asymptotic case is then derived and it is proved that the connection and the curvature are
well defined if we take their coefficients in the discrete Sobolev spaces. We further give the explicit
formulae for the parallel transport and a sufficiency condition is derived such that a curve on the
isospectral set is a geodesic.
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1991 MSC: 58B20, 58F07

0. Introduction

This is the first in a series of papers where the geometrical and analytical properties of
the isospectral set of the Dirichlet problem

—y"(x) + g(x)y(x) = Ay(x), y(0) = y(1) =0,
g € L3[0,1], »eC, xel0,1]

are investigated. First, in this paper, a short introduction to the subject from its analytical
and algebraic viewpoint is given, and then the isospectral set is considered as a Riemannian
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manifold for large eigenvalues A, of the Dirichlet problem. The second paper deals with
the Grassmannian, determinant bundle and the tau function in the asymptotic case. In two
further papers a non-asymptotic analysis is performed.

The paper is organized as follows. After the introduction and the review of the facts used
from inverse spectral theory, the metric and curvature of the isospectral set are calculated
in Section 2 and it is shown that they are well defined if the coefficients are elements of
the discrete Sobolev spaces. In Section 3 the operator which transports tangent vectors at
the points of the isospectral set parallel to the tangent vectors at new points on the set is
explicitly calculated. In Section 4 we consider the question when a curve is a geodesic. The
geodesic condition is transformed in an equivalent fixed point equation and a sufficiency
condition is given for the existence of a unique solution.

We start by developing the analytical theory of integrable systems in the spirit of Sato [11]
(for amore detailed discussion, see the articles of [1,3,8,9,11,14]). Let W = Z,fczo wi (x)d —k
be a formal pseudo-differential operator (= ¢ DO), where the coefficients lie in some al-
gebra of smooth functions of x. The Leibniz rule implies that the ¥ DO has to be shifted to
the right in the following way:

a7y = Z(—l)f(afw)a-l—f, (0.1)
j=0

which makes the algebra of pseudo-differential operators into an associative algebra. To
keep things simple we consider the operators Wy, = ) po Wk (x)@~*, which keeps the
essence of the full theory (see [6,7]). We now consider the ordinary differential equation

Wpd™ f(x) =0, 0.2)
where we assume that the m solutions f), j =0,1,2, ..., m are analytic, i.e.
j SHUL
9 = &sk’ Exk. (0.3)

These m functions /) satisfy (0.2), hence, we get a linear m x m system of equations where
we regard the w; as the unknowns. Using the Cramers rule, w; and W,, are both expressed
as ratios of two determinants involving as matrix entries the functions £/ Furthermore,
if we introduce the m x oo matrix K,

K=1{£"Y<izm, 0zj<cor 0.4)

then,

x2 : x?
W, 0™ <l,x,§,...)K=0 and W,a" (lxa) KX=0
holds for any regular matrix X. This implies that

K € Gr := {oc x m matrices, withrank m}/GL(m,C).
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Gr is a Grassmann manifold. The energy operator is defined by
H(x) := exp(x A)K, (0.5)

with

e J )
fan I
— O
o O

O -

a shift operator. To attain Sato’s equation let w; (x) depend on an infinite number of variables
wj(x,11,2, ...,), where wedenote ¢ = (t1,12, ...,). Thisimplies that the solutions f(f) (x)
depend on an infinite set of parameters ¢ and the energy becomes

o0

n=

o
H(x,t) = exp(x A) exp( t,,A”K\) = Zp,,A"K, (0.6)
1 n=0
where we formally expanded the exponentials and the p,, are the generalized Schur polyno-
mials. Writing hj(.k)(x,t), 1 <k < j,j e N, forthe matrix elements of the energy operator
and using the property

9Pn
ot

=Pn-m {(pn=0,n<0), 0.7

we get that the functions hj(.k) (x,t) are the solutions of the PDE

a 8" k)
— —— ™ =, 0.8
(at,, 8x”> hf 0 @8

with the initial conditions
1) (x,0) = f®(x).
This gives us the analogue equation to (0.2),
Wnd"h (x,0) =0, j=12...,m. 0.9)

The time evolution of W,,, = 2120 wi(x,0)87* is found by differentiating (0.9) w.r.t. z,,
that is, we get Sato’s equation

o
5 Wi = BaWn —W3", By = (Wnd" W) (0.10)
n
where (A)4 = is the differential operator part of A. From the Sato equation the Lax and
the Zakahrov—Shabat equations are easily derived. If we introduce the operator

o0
L=wow! =Zui3—i+1, 0.11)
i=0
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then the generalized Lax equation is

% = [By, L]. (0.12)
aty
If we expand the Lax equation and equate the coefficients in 3% we get hierarchies of
equations for example the KP hierarchy. To link these analytical facts to a geometric and
algebraic viewpoint, we return to the point where we stated that Wy, and w; are expressed
as a ratio of two determinants. We have

ox,t) det A
Whi(x,t) = = —, 0.13
m(x.0) t(x,8) detH ( )
where the matrix elements of H are h;; = h](.i_)l,i =1,2,....,mj=0,1,...,m—1land
A is the matrix
| 87"
H |
A = l a—l
XS ORI

Since 7 is the determinant of the first m rows of the energy operator, we write T as the sum
of products of determinants,

T(x,t) = ) _ det Bs(t) det(£s), (0.14)

Ses

where

(Bs®)ij = py—j, i=1,....m, j=0,1,...,m—1,
iy =8", ,i=01,...,m. (0.15)

The sum is over the set S of all increasing sequences S = (s1, 52, . ..} of integers such that
s; = i for all except a finite number of i. The graphical representation of this set S are
called Maya diagrams which have a one-to-one correspondence with Young diagrams. Any
analytic function f(#) can be expanded in the form

£ = Z det Bs(¢) det(cs), (0.16)

Ses

where cg are determined by the orthogonality condition

- - 9 19 0
det = det Bg(9, =0, Ok=|—-—,—,...]. 0.17
et(cs) = det Bs(d¢) f (O)|i=0, 0 (an 295" 313 ) 0.17)

With the aid of these equations w; is then expressed in the form

1 .
w; = = pi(~d)r. (0.18)
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Since the coefficients w; of Wy, and those of the Lax operator L, u; are related to each
other, the solution function u; of the KP equation is written in terms of the tau function in
the form

82
U = — log t(x,?). 0.19)
dax
The coefficients of the tau function have to satisfy the Pliicker relations, a fact which
indicates that the tau function may be seen as a function acting on a Grassmannian. The
Lax equation is the compatibility condition for the linear system
Y A

Ly =ap.  -=Nay. o=

- 0, 0.20
PP (0.20)

and the eigenfunctions ¥ are given by

oC o0
¥ = <1+Zw,-(x,t)r")exp[x+fozi]. 0.21)
i=0 i=1

The function v is called the Baker function. This is the analytical framework. We now start
with the algebraic—geometric construction. Let H be the Hilbert space of square integrable
functions on the unit circle with values in C. We split H in the direct sum Hy & H_, where
H, (H.) is spanned by {z",n > 0} ({z™",n > 0}). The Grassmannian Gr(H) is the set of
all closed subspaces W of H, where the orthogonal projection of W into H is a Fredholm
operator and the orthogonal projection of W_ into H_ is a compact operator. (We consider
the connected component with index zero of the Fredholm operator). The Grassmannian
is a Hilbert manifold modeled over the space of the Hilbert—-Schmidt operators from W
into W, The coordinate charts are indexed by the set S of the Young diagrams. The next
construction is the determinant bundle DET(W) of Gr(H) where an element g € DET(W)
is represented in the form

e8]
q=/\/\w,-, reC,
i=0"

and {w;} is an admissible basis of W. A basis is admissible if the matrix which describes
a coordinate change has a determinant. The group of automorphisms on DET(W) is the
subgroup GLT (H) of the restricted general linear group on H, G L5 (H ), where an element
g € GLT (H) has the form

a b
g= (0 d) (0.22)

according to the splitting of H, where a is an invertible operator, and b is the trace class. The
group G Lyes(H) acts transitively on Gr(H). A specific subgroup of GLT(H ) is the group
I", of real analytic functions from the unit circle in C* which extends to a holomorphic
function as a map from the unit disc into C* acting on the Hilbert space by multiplication. The
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tau function is the holomorphic function from Iy to C defined by

a(g~'w)

= =det(wy +a"'bw_), gerly, (0.23)
8w

w(g) =
with w = (w4, w_) an admissible basis, § a non-zero number in the fiber of the dual
bundle DET*(W) and o the canonical global holomorphic section on DET*(W). Note that
the second equality in (0.23) only holds if g~! has the block form (0.22). Then to each
W € Gr(H) is associated a Baker function

Yw(g,2) = g(2) (1 +Zwi(g)z_1), (0.24)

i=1

where g € Flv =g € 1"+,g_1W transverse to H_}. This Baker function is written as a
function of the tau function,

1 1.2
T wx — 2,01 —20%, ...)
w{gan) - 2@ 7 2

(0.25)
w(g) Tw(x, )

Yw(g.2) =g(2)

Comparing this algebraic approach to the analytic one, we see that the two tau functions
and the Baker functions are equal.

The problem we consider in this and the forthcoming papers is the Dirichlet problem on
[0, 1], i.e. we have other boundary conditions than in the K dV or KP case for example. The
Hilbert space will be LHZ-«[O, 1] and the splitting is according to the even and odd functions.
We will see that the elements of the Grassmannian are the tangent spaces of the isospectral
sets of the Dirichlet problem. The main difficulty will be the determination of the group
acting on the Grassmannian and on the determinant bundle, which is significantly different
to the situation discussed above. The fact which makes things more complicated is that the
translation symmetry of the circle no longer holds in our case.

1. Facts from inverse spectral theory

The following facts are taken from Ref. [9]. Consider the following Dirichlet problem:

=Y +q@)yx) =iy,  yO =y(1)=0,
q € L3[0,1], A»eC, xel0,1]. (1.1)
The first result is that the spectrum of g is an infinite sequence of real numbers, which are
bounded from below and tends to +o00. Writing y2(x, it,) = y2(x, tn,q) for a solution of
the differential equation (1.1) where w, is the nth eigenvalue of the Dirichlet spectrum of
g, we associate a unique eigenfunction g, (x, u,,) to u, defined by

Y20, pn) y2(x, pn)
20l fa 1, ) Y51, 1)

gn(x, py) := (1.2)
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/o « »

where denotes differentiation w.r.t. x and ¢
l1gnll = 1, gn = 0. The gradient of u, is given by

w.L.t. A, respectively, and we further have

0 fhn

_ 2
54(0) 8n(,9). (1.3)

The inverse Dirichlet problem is to answer to what extent a point p € L? is determined by
its Dirichlet spectrum. Furthermore, given a g € L2, we ask what does the set of all square
integrable functions look like which all have the same Dirichlet spectrum as g, i.e. what
kind of set is the isospectral set M(g) := {p € L% u(g) = u(p)}. To characterize the
sequence of real numbers which arise as the Dirichlet spectrum of some g we look at the
function w in the following way:

pwil? =S, g u@ = @@, uAg), .. (1.4)

where S is the space of all real, strictly increasing sequences of the form

Op =n’T?+5+6s, n>1 (1.5)

withs € R, & = (1,52, ...) € £2. In order to determine q uniquely from its Dirichlet
spectrum we introduce the map « : L? — Z% which maps q into x (¢) = (x1(g),x2(q), ...),
where

kn(q) = log(—=1)"y5(1, un). (1.6)

The numbers «, are essentially the terminal velocities. Note that a point g in L? is even
if and only if ¥ (q) = 0. The space E% is the discrete version of the Sobolev spaces, i.e. it
consists of all real valued sequences (a,) such that Z,,(nl‘a,,)2 < o0. The basic theorem
for the inverse Dirichlet problem is:

Theorem 1[9, p.116]. The map k x p from L? to S x €3 is a real analytic isomorphism.
We are interested in the asymptotic expansion with respect to large eigenvalues A, of the
various functions we introduced above.

Theorem 2 [9, pp. 38, 59].

gn(x,q) = V2sinwnx + O(1/n), g, (x) = V2rncosnx + O(1),
1

fin(g) = n’n’ + [q(t) dr +62(n),  g(x.q) = 1 — cos2mnx + O(1/n),
0

d 1
—g2(x,q) = 27nsin2ax +0(1), Kkn(q) = — (sin 27nx,q) + O(1/n?).
dx 2nn

(1.7)

All the estimates hold uniformly in bounded subsets of [0,1] x L2.
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N
Mle)

2
Lp“lo1]

|

Fig. 1. L2 as a bundle over E with fibers M(e).

The brackets { , } in the above theorem denote the usual inner product on the real Hilbert
space and £2(n) means that there is a sequence (A,) such that ), |A, 12 < oo. Since our
goal is to do Riemannian geometry on the isospectral set we use the following facts which
are all proved in Ch. 4 of [9]. The first is that M (p) is a real analytic submanifold of L?
lying in the hyperplane of all functions with mean [p] := fol ¢ (t) dt. Furthermore, L?is the
direct sum of the normal space N, (M (p)) at the point ¢ and the tangent space T, (M (p))
at the same point. The two spaces are defined by

Ny (M(p)) = (Up(x,q) | n € R x £}, T,(M(p)) = (Vi (x,q) |§ € 3},

(1.8)
Up(x,@) =Y talUn,  Ve(x,q@) = £nVn.
n>0 n>1
The components of the two vectors Ve and U, are given by
2 d »
Upg=1, Ur=g; -1, Vn=2ag". (1.9

There is another characterization for L2 which is very suggestive for our geometric consid-
erations, i.e. denoting the set of even square integrable functions by £ and the set of odd
ones by U, we can write L2 = E @ U. M(e) intersects E in exactly one even point e and
nowhere else (Fig. 1). Therefore, we have

L> = Me). (1.10)

ecE

The solution curves @ (q) := ®'(q, V;) of V,, are given by

d
SO @ =V @), a<t<b @) =q. (1.11)

where we assume thata < 0 < b and that the curve is C®.
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Nq(Mre))

Fig. 2. Coordinate chart map from L? into §.

2. The metric, connection and curvature of M (¢) in the asymptotic case

Let g € M(e). Then the asymptotic metric components g;x(¢), or just the metric com-
ponents, at the point g are defined by

1

£ix(q) =ij(x,q)Vk(x,q)€j77kdx, (2.1
0

where the sequences (£,) and (n,) are elements of Z% and V}, Vi € T,(M(e)). We have:

Lemma 1. The asymptotic metric components are given by

o8]
2ik(q) = 8mjksji + O(D), > gin(@gme < oo. 22)
k=1

Proof. We insert the asymptotic expression for the tangent vectors (1.8) and write

I
A d 2 d 2
gjk(‘l)=4f L8 D 8 xg)dx
0
1

=4f(47rj sin 2T jx + 0(1)) (47rk sin 2kx + 0(1)) dx
0
=8mjks;x +O(1),

where we used the notation gf (x,q) == gjz(x, q, 1j(g)). The claim that ka:l Bik(Eimk
< 00 1s clear. O

The next task is the calculation of the asymptotic connection and the asymptotic curvature.
Fig. 2 shows the geometric setting.
We prove the following lemma.

Lemma 2. The connection of the isospectral set for large eigenvalues andfor &, n, 0; € 22
is given by
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SN it
i IZ; (kl(l +J+l) s_]nkall)[,

L . 2
which is well defined if v € £;.

Proof. Letk(q) = u € E% and V;, Vi be elements of the tangent space at g € M(e). To
determine the connection we need to calculate terms of the form

R
a—uigjk(u)- 2.3)

Using the representation

d 3
vi=2—2 2.4

for the tangent vectors we have

1

0 ] ) Y Ry
gkl = 5 f VG ) Vie ey i )8 e dx

1
0
1 d
-1
=8/(a(au,x (u)gjax_l(u)gj)vk
0

d
- O™ 081D, 8 V3 )7k 2.5)

Since the estimates for V; hold uniformally on bounded subsets of [0, 1] x L? we are
allowed to interchange integration and differentiation. To justify the change of order of the
derivatives w.r.t. x and u;, first suppose that in the above equation u; is twice differentiable in
q.- Since both sides of the equation hold in a dense subset of L2, this also holds in general by
continuity in . We start with the calculation of 2gj/c_1 (wg; = (aZ/a(K-l)Z)u,. Writing
for simplicity ¢ := «~!(u), we have for the derivative of g iz

0 3 y2
E—gn = - -
g \/yz(l,un,q)yg(l,un,q)

1
- Eg'laq lOg)’Z(l,len,Q)yé(LP«n,Q) (26)

With this formula we can write the second derivative of yi,, w.L.t. g as

Pl 828, 108321, f1n, @) ¥5 (1, fhns @)

2
+ 8n
\/y‘z(l, i, @) ¥y (L, fn, q)

g 2. @.7)

Using the asymptotic expansion of y; given by (1.7), we have
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aq).’2(1,lin»Q))’£(1’ﬂmQ)
1
_/‘(cos,/u,,tsim/u,,t B sin? u,,t>8u,, & +0 _1_
21tn/Hn M7 dq n’

0

103

(2.8)

Since fol oS /fnt sin \/itnt dt = (1/n) and fol sin? Jint dt = (1/2u,)(1 + O(1)) we

get

: , ] 1 ] i
g y2(1, tin, @) yo (1, i, q) = E(«/ﬂﬂ(;) -5t 0(;))-

(29

Using the asymptotic expansion of g,% (see (1.7)) we can finally write for the first term in

27

— 8205 10g(¥2(1, 1, ) ¥5 (1, tn,g)) = O(1/n).

(2.10)

The next term in (2.7) we have to deal with is the derivative of y» w.r.t. g. Using the

asymptotic expansion of (1.7) we calculate

Bov2 =8 (sin ;Lnt) oty 0 (Sin\/mt)
72: —_—_— = -_—
1 N 3q Opn N un

=0(1/n)g? = 0(1/n)(1 — cos 2mnx + O(1/n)) = O(1/n).

Therefore, we get the following expression for the second term in (2.7):
28n

\/y‘z(l, > q)¥5 (1, tn. q)

dg¥2

=0 /n)(mn + OM))(1 + O(1/m)(sin /pyx + O(1/n)) = O(1).

(2.10) and (2.12) together prove that

2
—un = O(1).
Pyl (1

With this result we continue to calculate Bu,; &k (1e).

1
d d
Bu 0 = 8001 [ (- Guk ™ GIVi+ 1™V ey
0

Since

Ouik () = a1 Vik Tl (W), (om)nen € £,
we get

d 1 . .

a(auix Yw) =4nisin2mix + O(1).

Hence

@2.11)

(2.12)

(2.13)

(2.14)
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1
d d
2.13) =0(1)f ((avi) Vi + (EV") vj) &jmio; dx
0

1

. cos(2mi + 2mk)x  cos(2mwi — 2mk)x
=064 (- — 1-34; Nk
¢ )( 2Q27i + 27k) 20mi =27k |y ”‘))Ef"""
;2
=0 —— &m0, 2.15
e DAL (2.15)

In order that the sum over i, j, k of (2.15) is convergent we have to assume that o; € 6{ and
that & s Mk € 2. Therefore,

08, | 98 9% 24P+ E
2 Taa) e O\ i+irk )OI 210

To obtain the connection form, we have to invert the metric,

¥ = Broy + 0!

1 1 -1 1
=_—syl1+00)—s = —8u+0[—1|. 2.17
R kl( + O( )81r kl) g okt (kzlz) (2.17)

This implies for the connection the following expression for large eigenvalues

= 981; 08 9&ij
rh=YcdaH(EL 2B - ”)v
5=23 [g aai | aas ol )V

1=0
SN T s
=) O ———— )&moiv;. 2.18
; (kl(i Yith §inkoi vy ( )
This proves Lemma 2. a

The same kind of calculations gives us for the curvature the following expression:

Theorem 3. The asymptotic curvature on the isospectral set for
o0
h h h h ;
Ry = z(akrji — 3Ly + Tl — I Iy)Emkoiv
1=0

has for &, i, 0; € 2 the form

00 2 2 2y¢72 12 :2

B+ 2+ )R+ 2 +12)
RE.=)"0 R
kji ,; <h212(h+k+l)(i+j+l) Simeoiv

2 ((h2 + 2+ + +i2))
§jnkoivy,

+> 0
S\ R+ DG+ k4D

(2.19)

which is well defined if v; € E%.
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3. The parallel transport in the asymptotic case

Let ¢ be a curve on the isospectral set whose components satisty the differential equation
. 4@
¢ =
dr

and we assume that the curve is smooth. Using Vi = 4k sin2wkx + O(1) and (2.18) we
have

=VE'(@q), X =q, a<t<b, (3.1)

Ptk N k
ILé*Enic”t = E O| ———— |@rksin2akx + O(1))é;nivio
jk ‘Ejrh s idk+j+D ( ( ))Ej"l !

=: (4rksin2mkx + O(l))FJ-"k, (3.2)
where oy € E%.

Theorem 4.

(@) Let q € E. Then the tangent vector U(x,c'(q)) is reached from the tangent vector
Ulx,q) along an integral curve c'(q, V), which satisfies ¢! = U(c'(q)), Co(q) =
q.a <t < b, by the transformation

U'(x, ¢ (q(x)))

oC kZ :2 12
= 3" exp] = @nksin2zkx + 1O Kry+r
Jj k>0 =0 ik +j+0D
t 0o ‘
X /exp[ 8n Sinhz(%s&',,)dsé?jm v,cr":l U/ (x,q(x)),
0 n=1
where &, 1,07 € £, v € Z%.
(b) Let q € E. Then the tangent vector U(x,c'(q)) is reached from the tangent vector

U(x,q) along an integral curve ¢! (q, V1), which satisfies ¢ = U(c'(¢)),c%(q) = g,
a<t<bandV) = (1,0,0, ...), by the transformation

U'(x,c'(g(x)))
- . 42+
= Z (CXPI— 2(47'[]( sin2wkx + l)o(m &'jr],-ulgk

j. k>0 1=0
2p\ 1 1 e 2p\ sinh(2p — 2k)t .
—n* — 14—y (=D = N U, ,
x( )(p>221’t+22p/;( )(k> 25 3k (x,(x))
where §;, ;07 € 2 e E%.

Proof. First we prove (a): The parallel transport equation we consider is

dU' (x,c' (g(x))) _

v =" U (xq(x)), U =0)=U'(x,q(x)), (3.3)



106 P. Vanini/Journal of Geometry and Physics 18 (1996) 93-117

where U’ (x, q(x)) is a component of the tangent vector U, € N, (M (e)). The solution of
3.3)is
!

Ulxc' @) = ) (T expy = f ¢ I ds ) U (x, q(x)), (34)

J k>0 0 ji

where the operator T denotes that the integral is a time ordered integral. It is defined in the
following way: Let A(t) be a bounded operator on a Hilbert space, then

1

T exp{ —fA(s)ds]

0
00 t t
(— 1)”
= »> dry [ dia- o | da@nltoys -+ . vt6,) A, (t5)) - - - Agy (o)
n=0 S, ' 0 0 0
00 4 4] -1
=3 (-1 f dr) f d - - f A1, Op(tayr - - +15,)Ag (o)) . .- Agy (1) (3.5)
n=0 o 0 0
with S, the symmetric group of n elements, (g1, ...,o0,) a permutation of n elements and
the function @, (t,,, ... ,15,) isequal toone if 5, <15, < --- < t,, and zero else. We start
calculating (3.4):

I

‘/‘c'“kl""‘ ds éjniak

k24 2 +1 ]
fz (ll(k+j +l))(4ﬂk5m2”kx+O(1))5ﬂléw0"

1

= K+ R 412 @I

=Y (4rmksin27kx + O(1)H)O| ————— fe”f‘q)"z ds Einivio®, (3.6

;o( (1) (H(HHI) ginivic*, (3.6)
0

where we used (1.6). The norm ||c* (q)||% has the expression (see [9])

" @15 = 11g113 +8 Y _ n(cosh(kn(q) + s&) — cosh kx(q)), 3.7)

n>1

with 8, = 272n%(1 + O(logn/n)). We restrict for simplicity to the case where g € E.
Using that k(@) = 0, Vg € E and the identity 2 sinh? x/2 = coshx — 1 we obtain

e @115 = 1ql13 + 16 ) _ 8, sinh® (3s&p). (3.8)

n>1

Inserting (3.8) into (3.6) gives
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t
25,k i k
f ¢t jlk ds ‘Ej no
0

00 K+ 242
= @nksin2mkx + 1)0(—+J~+—

= ik+ji+
! o0
X /exp 28,, sinhz(%sig,,)ds i;jmwa"l. 3.9
n=1
0

We now prove part (b). We then have

!
fés,kl}ik dS Ejnlgk
0

I3
00 k2 :2 12 % (2 2yp
= ZoGLﬂ_ Z(—ﬂ)—fsinhZP(%sg,,)ds giniviok.
) 0

— ilk+j+0 ) = p!
Since
2m\ 1 1 = 2m\ sinh(2m — 2k)x
. 2 k
/Smh Tade= (—1)'"(m>2z_mx t o kzo(—l) (k >_‘2m—_T
we get
!
fé:'k jikds*‘fjmdk
0
—io k.’fﬂ i(zﬂz)”
= \ Hk+ji+D )= P
2p\ 1 1= 2p\ sinh(2p ~ 2k)t
— 1P - . IRV sinh(Zp - 2k)t . L
X(( K (p)22"t+221’ é( D (k) 2p -2k §nivio”.

(3.10)

Since the time matrices appearing in the time ordered product (3.4) are diagonal and hence
commute, we can avoid the time ordering operator in this asymptotic case and we get

U’ (x, ¢ (g()))
B o0 k2+j2+12 .
_j;[) (exp[—;O(k———il(k+j+l) §inivio
2p\ 1 1 8%, /2p\sinh(2p — 2k}t
— 1Y — I — -
x(( 1 (p)zp’+22p g( 1) (k) 2p 3K

x Ud(x,q(x)). (3.11)
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This is the desired explicit expression for the paralle! transport in the case of the
example. S

Note that the operator in (3.11) acting on the tangent vector component is only a bounded
operator if we restrict the time ¢ to be finite. Therefore, we cannot reach a vector V ¢
Neoo(ey (M (e)) by parallel transport from a tangent vector lying in the even space E.

4. Geodesics on the isospectral set

The goal in this section is to select out the geodesics from the curves on the isospectral
set. Let ¢ : [a,b) — M(e) be a C* curve on M where s denotes the arc length of c,
i.e. ||¢]]2 = 1. A variation of the curve ¢ is defined by the smooth mapping ¢ : [a,b] x
(—€,€) > M(e), € € R which satisfies:

(a) ¢(s,0) = C*, Vs € [a,b], and
(b) there exists a subdivision [@ = #,11, ...,% = b] such that ¢(s,v) =: ¢ ?,v €
(—e€,€) is a C* mapping on each partition [1_1,4] x (—€,€) forl = 1,2, ... k.

The tangent space 7, (M (e)) at g € M(e) consists of all vectors Ve = ano EnVa(x,q),
6.) € (%, where V,(x,q) = 2(d/dx)g3(x,q). The tangent vector for each fixed time ¢ of
¢* ¥ is given by 0¢* ¥ /v and the vector field W along ¢* defined by

a S,V
Wi(x,q) = ( q;v )

(4.1)

v=0

is called the infinitesimal variation induced from c*. The first task is to calculate the covariant
derivative of a tangent vector in T, (M (e)) w.r.t. another tangent vector given the connection
(2.18). Let Ag, By € T,(M(e)), then the covariant derivative of Ag in the direction B, is
defined by

1 -
Vs, Ag = }1_%;[(':') YAip — Ag), (4.2)

where 7’ is the integral curve of B, starting at ¢ € E and

Ap(@) =D BuUn(x.c" (@), (Bulnen € €1

Lemma 3. Let Ag, B, € T4 (E), then the covariant derivative of A g in the direction B is
given by

Vg, Ap = Z(Zxoj_k.l,n>ﬂnun(x,q), (4.3)
n j.k 1
where

K42+ ’
Ojktn=0lk—L " Jeyat, 44
et ( G+ +0 )0 (44)
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2 2 2 2
o €45, &,vel], & et Byell

Proof. From (3.9) we get

(‘[t)_lAtﬂ — Ag

= Z Z l—[ exp{(?,-_k,l,,,/expliirsm sinhz(%sfm)]ds]s -1
0 m=1

n>0 \j, k>01>1
x BnU" (x,q(x)).

Dividing by ¢ and taking the limit t — 0, which is the same as to derive

t
/exp[ Z 8 sinh?(J5&,,) ds}

0 m=1

at t = 0, gives us the desired result. o

To get a necessary and sufficient condition for a curve to be a geodesic we use the
following theorem.

Theorem 5. Let ¢' : [a,b] = M(e),||¢|]| = 1. The curve ¢' is a geodesic if for every
variation ¢ : [a,b] x (—€,€) > M(e) of ¢’ the equality

b
/ g(Vee, Wyds =0 (4.5)

a

holds, where W is defined in (4.1).

Before we start checking the implications of this theorem in our situation, we first give
the parallel transport equation and the formula for the covariant derivative in the case where
the point g € L%[O, 1] is not lying in the subspace of the even functions £. The parallel
transport equation reads

Ulx,c' (g0

= Z l_[ exp[ = Oj .,

J k0121
t

X/eXP[ZSn[cosh(lchsEn))—cosh(sén)]]ds] U (x,¢* (g(0)),

e n=1

(4.6)

where we used that k,(c*(q)) = x,(g) + s&, in the x-coordinate system. The covariant
derivative of Ag(x,c(g)) in the direction B, along the integral curve ¢’ starting at c¢*(q)
is given by
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Vs, Ap = Z(ZZOJ,,(,,,,I expy Y Smhm(s)})ﬁ,,U,,(cs(q),x), (4.7)
Jok 1

n m>1

where
hum(s) = cosh(x, (25&,)) — cosh(s&,).

The strategy to prove a sufficient condition for a curve on the isospectral set to be a geodesic is
first to write out condition (4.5) in our situation, second to express this result in an equivalent
fixed point equation and third to constrain the functions appearing in the fixed point equation
in a way that we get a unique solution of this equation.

Lemma 4.
b

/g(V&C", W) ds
’ =Y Biti ) Y Ok
i k1

b
x |8 / ¢ (q)expl 2 Smlcosh(im (25&m)) — cosh(ssmn}

>
p m>1

x (64 i* sin® 2imx) + 0N ds |+ B DY | Ojk,1.i0Gh)
in ok

b
X f cs(q)exp{ Z Smlcosh (i, (255,)) — cosh(ssm)]]ds =0,

>
a m>1

where O; 1 1. ; is given in (4.4), W is the infinitesimal variation defined in (4.1) and ¢' :
la,b] = M{e),lj¢ll = 1.

Proof. Rewriting the metric in the form

g(Vee, W) = Zg,-h(véc')"wh = Z(Sm‘h&ih + O (Ve Wh,
ih ih

we get

b
/g(v(gé, W) ds
b
= Z/(smha,-,, + O(1)) (V) WH ds
th 2

b b
= Z(S/q&(s,O)nihSih(Vc-c’)iT: ds + 0(1)/¢(s,0)(vc-c')"T,f ds),
ih
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where we introduced the variation of the path ¢’ explicitly, i.e.
o(s,v) = CXPCs(q)(Vg + UT#).

Going on with the calculations and setting ¢ (s, 0) = c*(g), we get

b
/c (@) ih8;n(Vee) T, ds 4 O(1) f (@) (Ved)' T) ds

b

=Y 8 ZZOj,k,,,i 8/cs(q)nih8ih exp[ > bmbim(s)
ih Ik

>
2 m>1

Ui(c* (@) T} ds

b
+0(1) f c (q)expl Zsmhm@)]w(c%anﬁ ds

m>1

b
= Zﬂiuizzoj.k,l,i ngS(Q)EXP[ Z5mhm(s)}
i k1

>
e m>1

x (6473i% sin® i x) + OG®)) ds

+Zﬂ,u,ZZ jkz:O(lh)/C(q)eXP[ZSm m<s)} BN

m>1
This proves the lemma. O
To find an explicit solution of (4.8) is hopeless. However, we apply the Banach fixed point

theorem to show at least existence and uniqueness of a solution for a sufficiently small time
interval {a, b] and for to be specified bounds on ¢. Using (see [9])

)
g, V) =¢q— ZE logdet & (x,t£,q),

O(x,t8,q)i; = & + (€5 — 1)/gi(W,q(w),Xi)gj(qu(w),Xi)dw,

{Entnen € €3, (4.9)

we can write (4.8) in the equivalent form

b b
q/l(s)ds =/I(S)E(x,s,q)ds, (4.10)

where
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I1(s) = exp{ Z 8mlcosh(km (256m)) — cosh(ssm)]]

m>1

X
d? .
E(x,s,q) =2@108det[5ij + (e — 1)/gi(w,q(w),ki)gj(w,q(w),Ai)dw .
0

(4.11)
We write (4.10) in the fixed point equation form
g = G(a,b,q,8). (4.12)
Theorem 6. The fixed point equation (4.12) has a unique solution if
1 1
=0 [t g <1, Vi,
0 0
01§ !
<o)
L= (1 —e®)] fy lail* fy 1gi1* J
b
, ef ) 2
e — 1106 < o[ %), fanum|m<c,
i
a
X
|18 + (e — 1)/gi(w,Q(w),li)gj(w,Q(w),li)dwlll <1,
0
where ¢ ;= | fab 1(s) ds|, the function &(s) is given in the proof and x €]0, 1[, where x is

the parameter in the normalized eigenfunctions gy (x, ). If x = 0 or x = 1, then there exists
no t such that the above conditions for the fixed point equations hold.

Proof. To apply the Banach fixed point theorem we have to show that G is a contraction.
We have

1G(q1) — G(g2)I3
b

b
1
= C_2||f1(s)s(x,s,q1)ds-fl(s)s(x,s,qz)dsu%

a

<1

B — a

1

|1(s)|2f |E (x, 5&,q1)ds — 5 (x,5€,42)|* dx ds, (4.13)
0

where

b
c = Ifl(s)dsl.
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Let H(v) := H(x,vq + (1 — v)q2), v € [0, 1] be the operator which interpolates between
O(x,s&,q1) and O(x,s&, qn), i.e.
H(x7vq)|v=1 = @(X,SE,QI), H(x’ UQ)|v=0 = @(X,SE,QZ)- (414)

If E(x,sg,ql)E"(x,sS,qg) is trace class, then
1

det O (x,5,91)0 " (x,58,42) = —exmr/
0

AHO) y-14) av. (.15)
dv

Since @ (x, s&,q1) = 1 + trace class and
oC
@_l(x,sé-',qg) = 1 4 trace class = Z(—l)kBk,
k=0

if [{B[], < 1, a sufficient condition for @ (x, s&,q1)@ "' (x, s&, g2) to be trace class is that
the matrix B;; = (% — 1) [ gi(w, q(w), A;)gj(w,q(w), A;) dw has trace class norm less
than one. Therefore,

& (x,5€,q1) ds — & (x,5€,92)|13
d2 d2
= HZ logdet@(x sE,q1)O~ T, s&, qg)ll2 = HZ logdet@1@2 H2

1

f - logdet ©,0; ' 2 dx <2f| de(”) H'(v) dv|? dx.

0
(4.16)

Using

dH (v)

fd
W ("% — 1)/ —[gi(w,vq1(w) + (v — 1)g2(w))
v dv
0

x gj(w,vq1(w) + (v — Dg2(w))}(q1(w) — g2(w)) dw

r d
@) f g1 (w) — q2(w) dw,
0

' = Y0 =%t | [lgiw.000) + 0 - Dgaw)
k=0
k
x gj(w,vq1(w) + (v — g2(w))] dw

x k

oo
= Z(l — effiyk /g,-gj dw | ,
k=0

0
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we get

1
2
2/|d—2tr/dH(v)H_1(v)dv|2dx
v
0

1 1 x

d

= 2/ l— tr/(e’s‘ - I)J[ 3y & (0008 (. 1) (g1 (x) — g2(x)) dw
0 0 0

k
X Z(l — effik (f 8i&j dw) dv|2dx
1
. d?
= Z/lZ/ ((C’G‘ ~ D=5 18igi @1 (0) — g2(x))
0

X 2%
oo
X Z(I —etEj)Qk /gigj dw
k=0 0

+(e' — 1)/[g.'gj](q1(w) — g2(w)) dw
0

R %2
o0
X 2(1 — ')k (f 8igj dw) ':(2k = D(gi(x)gj(x))?

k=0 0

r d oy
+/(gigj)dwa(gi3j)j, 2 — l)a[gigj](‘h(w) = q2(w)) dw
0

. 2%—1
% Z(l _ et&j)2k2k (/ 8igj dw) 8i(x)g; (x)>dx dv,
k=0

0
= A+B+C.

We bound A by using the Cauchy—Schwarz inequality and the Holder inequality,
1 1
n " d2
A= 2/;/ ((e f - l)m[g;gj](ql(x) —q2(x))
0 0

. %
[o,8]
x Z(l — efbiy2k (f 8igj dw) dvdx

k=0 0
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1
S 3e) NCENG NIRRT
gy =0

1 1 1
d2
x ( f |m[gigjl(q1(x>—qz(xmzdv) dx ( f sg.-(z) ( f Ig,-|2) .

0

Since,

d d 1 . .
—gi=—gix,sq1+ (1 —5)q2) =0 =}, g =x+2sinmix+ O(l/i),
ds ds i

we get for the A-term,

1
A< sz (€5 = D21 - ety
iy k=0

1
1 1 d
X (0(1‘) +0(;) [ll‘h —Q2||§] + '0[ a(‘]l - q2) dv)
) k

s el fy leit* fo 1a1*
x (||q1 - @2IB) O +0(

if |(1 —(3’51')|f01 1gil* fol |ng4 < 1. If we bound

O() e
_ _ tE. 1 14 l 14 SO(T)’
1—|(1-e ])lf() lgil fo lg;jl J

then we can perform the j-sum, i.e.
A=Y 2 [ 1€ - o0l - @I < 20lla - B,

where we assumed that |eé — 1jO(i) < O(e! /i 2. The other terms B and C are treated in
the same way and we get with the above made assumptions that

1

|1G(q1>—G<q2)||%sc—2 OIS dsllgr — @2ll3 =: esllgy — @213, (4.17)

Ro—o
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where ¢(s) is the maximum of the three constants coming from the A, B and C term,
respectively, and in order that we have a contraction c3 has to smaller than one, i.e.

b
/E(s)|1(s)|2ds <t (4.18)

a
The exclusion of the parameter values x = 0, 1 is discussed after the following corollary in

an example. Hence, up to this last point, Theorem 6 is proved. a

Corollary 1. Ifacurvec' : [a,b] — M ((e) satisfies all the assumptions of Theorem 6, that
is the interval [a, b}, the points q € M(e) and the vector fields Ve all satisfy the conditions
of Theorem 6, then it is a geodesic.

Example. Takegq = 0.Then, g; = sin jx. The condition | (1—e!%/)| fol lgil* fol Igj|4 <1
in Theorem 6 then reads

o] 3( b+ 1 sinimdx -1
_— =X — —~ SINITLX
|&;1 8 1672i2x 2

3 1 sin jwdx | | -
X lg(x -+ 16727 [ > — sm]n?.le} -~ 1) ,

which has no solution if x = 0, 1 such that ¢ > 0.
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